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I. INTRODUCTION 



The position-momentum uncertainty principle is likely the most prominent difference 
between classical and quantum physics. The first mathematical realization of this principle 
was done by W. Heisenberg p[J and E. Kennard [2] in terms of the standard deviations of the 
quantum-mechanical probability densities of the particle in position and momentum spaces. 
However the so-called Heisenberg uncertainty relation is neither the most appropriate nor 
the most stringent [3H5]. Indeed, the standard deviation is a measure of separation of the 
region (s) of concentration of the probability cloud from the centroid (a particular point 
of the distribution), rather than a measure of the extent to which the distribution is in 
fact concentrated [IH6] . Information theory [3 [8] provides more appropriate local (Fisher 
information) and global (Shannon, Renyi and Tsallis entropies) uncertainty measures. The 
Shannon entropy has been argued to be the best global measure of the spreading of a 
probability distribution according to some criteria [51 [9] . 

The Shannon entropies of the position and momentum probability distributions, p(f) and 
7(p*), respectively, are known to fulfil the so-called entropic uncertainty relation (units with 
h = 1 are used) 



denotes the D-dimensional position Shannon entropy, and S[j] denotes the corresponding 
momentum Shannon entropy. This relation was conjectured independently in 1957 by H. 
Everett [10J and I.I. Hirschman [TT] and proved in 1975 by W. Beckner [12] and I. Bialynicki- 
Birula and J. Mycielski [13]. It provides a strict improvement upon the standard Heisenberg 
relation [51 H3] . 

The main goal of this paper is to refine the entropic uncertainty relation ([I]) for parti- 
cles moving in a central potential Vr>(r), r = \r\. The D-dimensional (D > 2) central-field 
approximation has been successfully applied in one- and many-body physics from the early 
days of quantum mechanics up until now, to explain numerous physical properties and phe- 
nomena of natural systems (see e.g., [HH2T]). For example, it is known to be the theoretical 
basis of the periodic table of the chemical elements |22j together with the Pauli exclusion 
principle. Moreover, the central potentials are being very often used as prototypes for nu- 
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merous other purposes and systems not only in the three-dimensional world (e.g., oscillator-, 
Coulomb-, and van der Waals-like potentials) but also in non-relativistic and relativistic D- 
dimensional physics (see e.g., [T51 H2J EI])- Recently, it has been also applied to study the 
behaviour of the quantum dots and wires as well as to interpret the experiments of dilute 
bosonic and fermionic systems in magnetic traps at extremely low temperatures [201 E3J EI] , 
what is provoking a fast development of a density-functional theory of independent particles 
moving in multidimensional central potentials [25j [26] . 

We begin with the Schrodinger equation of the corresponding Z)-dimensional central force 
problem: 

' ~ *(f) = E^(r), (3) 



where V 2 D denotes the Laplace operator [HI E7J EH] associated with the position vector in 
hyperspherical coordinates f = (r, 6*i, . . . , 6d-i) = ( r ,^D-i), which is given by 

^ 2 8 2 D-l d K 2 D _ X 
V D = 1 — 

and the squared hyperangular momentum operator Af- ) _ 1 is known to fulfil the eigenvalue 
equation 

Ao-i^w^d-i) = l(l + D- 2)^, M (fi D _ 1 ). 

The symbol iV(Oz)-i) denotes the hyperspherical harmonics EH] characterized by the 
D — 1 hyperangular quantum numbers {I = (i^fa, ■ ■ ■ , /Ad-i = m) = (i, {//}), which are 
integer numbers with values I = 0, 1, 2, . . ., and I > \ii > . . . > fio-2 > |a*£>-i| > 0. 
The eigenfunctions \I/(f) of this problem may be written as 

*(r0 = R(r)y l>{fl} (n D ^) = r^ M (r)^, M (fi D -i), (4) 

where the reduced radial eigenfunction u(r) is the physical solution of the one-dimensional 
Schrodinger equation in the radial coordinate r; namely 

1 d 2 L(L + 1) 



u E ,i(r) = Eu E ,i{r), (5) 



where we have used the notation L = I + (D — 3)/2 for the grand hyperangular momentum. 
Since L(L + 1) = 1(1 + D - 2) + (D - 1){D - 3)/4, it is worth to realize by looking at Eq. 
([5| that a particle moving in a D-dimensional potential is subject to two additional forces 
besides the force coming from the external potential Vd(t): the centrifugal force associated 
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with non-vanishing hyperangular momentum, and a quantum fictitious force associated to 
the so-called quantum-centrifugal potential (D — 1)(D — 3)/ (8r 2 ) which has a purely dimen- 
sional origin [30] • This potential vanishes for D = 1 and 3, being negative for D = 2 and 
positive for D > 4. Then the quantum fictitious force, which exists irrespective of the hyper- 
angular momentum and has a quadratic dependence on the dimensionality, has an attractive 
character when D = 2 and is repulsive for D > 4. Moreover, it vanishes when D = 3 so 
that the Schrodinger equations ^ and ^ are formally the same to the three-dimensional 
case ones but, of course, with the hyperangular quantum number L instead of 

From Eq. Q, one can find that the allowed quantum-mechanical state (E,l,{p}) has 
the following probability density 

pW = 7^rl^M(^-i)r, (6) 

where, according to ([3j and (J5|, we know that u{r) = Ue,i{t) and p(r) = Pe,i,{h}{t)- In 
addition, the normalization-to-unity of the wave function \l/(r) = ^E,i,{n}{r) yields that 



OG 



\u(r)\ 2 dr = 1 

for the reduced radial eigenfunction. 

Then, according to Eqs. ^ and (J6|, one has that the Shannon entropy of the D- 
dimensional density p(r) is given by 

S[p] = S[u] +(D — l)(lnr) + 5(^, M ), (7) 

where S[u] denotes the Shannon entropy of the one-dimensional probability density u(r) = 



|w(r)| 2 , i.e. 



S[u] — — / u(r) In u(r)dr. 



Similarly, S'(^ ) { At }) gives the Shannon entropy of the hyperangular probability density 



with the volume element 



/ i^, M rin|^, M r^-i (8) 

Js - 1 



D-l 

dn D _ x = Y[ (fanOj^dBj, atj = D - j - 1. 
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Moreover, the logarithmic expectation value (In r) is defined as 

//*oo 
p(f) In r d D r = / u(r) In r dr 
Jo 

A parallel analysis in momentum space yields the following expression 

%] = S[Q] + (D- l)(\np) + S(y lM ), (9) 

for the momentum Shannon entropy of a particle in the D-dimensional central potential 
Vo(r), where S[uj] and (hip) have analogous expressions to S[u] and (lnr) but with respect 
to the momentum density 



\u(p)\ 



2 



|2 



where ^(p) is the Fourier transform of ^(r), and the reduced radial momentum eigenfunction 
u(p) is related to u(r) by means of the Hankel transform 

POO 

Hp) = (-»")' I y/rpJi+D/2-i(rp)u{r)dr, (10) 



the Jy(x)-symbol being the Bessel function of order v. Let us call u(p) = \u(p)\ 2 the 
momentum reduced radial probability density. The overall phase (—i) 1 will play no role in 
our investigations. 

Summing Eqs. ^ and ^ we obtain that the position-momentum Shannon uncertainty 

is 

S[p] + %] = S[u] + S[Q] + {D- l)((lnr) + (lnp)) + 2S(y li{ll} ), (11) 

which will be the basic starting point to obtain our goal. Let us emphasize that the hy- 
perangular Shannon entropy Sy is under control since the hyperspherical harmonics are 
well-known mathematical objects so that they do not depend on the external potential 
Vo(r). On the contrary side, the remaining two terms S[u] + S[u] and (lnr) + (lnp) do 
depend on Vo(r); so that, we will try to bound them from below in terms of the hyperquan- 



tum number / which characterizes the state. This will be done in Sections O and III by use 



of the LP - L q norm inequality of L. De Carli [31] and the logarithmic uncertainty relation 



of S. Omri |32j, respectively. In Section IV, the new entropic uncertainty relation is given 
and discussed. Let us advance that the encountered lower bound to the Shannon-entropy 
sum only depends on the hyperangular quantum numbers in an analytical form. Then, in 
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Section [V] the new entropic relation is examined for two relevant three-dimensional central 
potentials: the Coulomb and the harmonic oscillator potentials. Finally, some conclusions 
and open problems are given. 



II. ENTROPIC UNCERTAINTY RELATIONS FOR THE REDUCED RADIAL 
WAVEFUNCTIONS 

In this Section we will find the Renyi-entropy-based and the Shannon-entropy-based 
uncertainty relations of the reduced radial wave functions u(r) and u(p) in position and 
momentum spaces respectively. 

Taking into account that u(p) is the Hankel transform (10) of u(r), we can directly apply 
the Theorem 1.2 of L. De Carli [3T] to write that 

(J™ \u(p)\ q <C(q,q';is)^\u(r)\ q 'd r y (12) 

for 1 < q' < 2, q' < q and 1/q' + 1/q = 1, with the constant 



1 ' v-\ 1 1 1 



A(a'-u) i 2^+2+5 

C(g,g» = ^4, A(q;u) = 2^ 1 



A & v ) ' r(f(i/ + |) + i)- 

where v = I + D/2 - 1. 

Let us now rewrite this inequality for the reduced radial probability densities ui(r) and 
u>(p). For this purpose it is convenient to use the parameters (a, (3) related to (q,q') by 



q = 2a and q' = 2/3, so that l/a + l/fi = 2. Then Eq. (12) transforms into the following 
inequality 

(r°° \ 5a / r°° \ 27 

J [Co(p)] a dpj <CU Hr)fdrj , 

where C = C(2a,2f3;i/). Then, the Neperian logarithm of this inequality multiplied by 
1/(1 — a) yields that 

r^" 1 {[ [Sj(p)rdp ) - - r^" 1 {[ Hr)fdr ) • 

where we have used the fact that a/(l — a) = —(3/(1 — (3). 

Then, recalling that the gth-order Renyi entropy of a probability density f(x) is defined 

by 



i r 



[f(x)Ydx, 



the last inequality gives rise to the following Renyi-entropy-based uncertainty relation for 
the position and momentum reduced radial probability densities: 



W ^H> M,|i(ai;,) ^ MJ(ifrl1 



a — 1 



(13) 



Finally, let us highlight that in the limit a — > 1 and — y 1 this inequality yields the Shannon- 
entropy-based uncertainty relation for the reduced radial probability densities u(r) and u)(p): 



S[u] + S[u>] > C' v 



(14) 



with 



C' = 2l + D + 2\n 



r(z + f) 



(2l + D-l)if>[l + 



D 



where the value v = I + D/2 — 1 has been considered, and ip{x) = T'(x)/T(x) denotes the 



well-known digamma function. To obtain (14) from Eq. (13) we have taken into account 



that the Shannon entropy of a probability density f(x), S[f] = — J °° f(x) In f(x)dx, is [7j 
the limiting case a — > 1 of the Renyi entropy R a [f]. 

III. LOGARITHMIC UNCERTAINTY RELATION FOR CENTRAL POTEN- 
TIALS 



In this Section we will show that the position and momentum probability densities of a 
particle moving in a spherically symmetric potential Vb(r) satisfy the following uncertainty 
relation 

(lnr) + (hip) > i) f^-J^) +ln2; 1 = 0,1,2,... (15) 

This inequality improves for central potentials the Beckner's logarithmic uncertainty relation 
[33] of general validity, in which the lower bound on the logarithmic sum is ip (-D/4) + In 2. 



To prove the expression (15) we begin with the 2011-dated logarithmic uncertainty rela- 
tion of S. Omri 



|/(r)| 2 lnrdA»+ / \f(p)\ 2 Inp dA» > 
'o Jo 

where / G L 2 (0, oo), the measure dX^(r), r e [0, oo) is given by 



VI ^ I +ln2 



N, 



A 4 - 



(16) 



dXJr) 



2^r(// + l) 



-dr, 
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and the Hankel transform f(p) of order \i is defined by 

/■oo 

f(p) = / f{r)jn{rp)dX^{r), fi > 



1 



where j^(r) is the normalized spherical Bessel function of the first kind, given by 

2T(/i + l) 



Moreover, the normalization constant is 



zi J 



-JJz). 



poo 

N,= / \f(r)\ 2 d\,(r) 
Jo 



If we take the following function 



f(r) = r 1 2 M ( r ) 



together with the value fi = I + D/2 — 1, we find that: 



\f(r)\*d\ (l (r) = N li / u(r) In r dr = N„ (In r), 



oo /*oo 
2. 



and 



|/(p)| 2 dA» = iV M / Co(p)\npdp = N ll (\np}. 
o 



AT, 



* 2T(// + i) 



With these expressions the inequality (16) boils down to the wanted relation (15). 



IV. SHANNON-ENTROPY-BASED UNCERTAINTY RELATION FOR CEN- 
TRAL POTENTIALS 



In this Section we will give and discuss the Shannon-entropy-based uncertainty relation 
for general .D-dimensional central potentials, which provides a lower bound to the sum 
S[p] + S[y] in terms of D and the hyperquantum numbers of the corresponding state. 

The entropy sum given in Eq. (fTTl) is bounded from below as 



%] + %] > B lt{lt} 



(17) 



where 
B lM = 2/ + J D + 21n 



r(/ + f) 



(21+D-l)^ ( I + y) U ] + In 2 



+ 2S{y lAtA ) (18) 
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FIG. 1: General bound given by ([T]) (dashed horizontal line) and central bound (18) (•) for different 
values of (I, m). 



where is given by Eq. ([8]), and the inequalities (14) and (15) have been taken into 

account to bound the terms S[u] + S[uj) and (lnr) + (hip), respectively. Notice that this 
bound does not depend on the specific form of the central potential Vo(r). Moreover, it 
depends only on the hyperangular quantum numbers (I, {/i}) and the dimensionality D in 
an analytical form, so that it does not depend on the physical state. 

For completeness, the central bound (18) and the general bound given by (|TJ are repre- 
sented in Figure [l| for D = 3, clS db function of the quantum numbers (l,m). The horizontal 
line represents the general bound (equal to 3(l+lnrr) in this case), while the points represent 
the values of the central bound for different quantum numbers (l,m). The comparison of 
these bounds shows that the new lower bound is bigger (so, better) than the general one for 
all values of (l,m) except for I — m — 0. The reason is that, when I = 0, the logarithmic 



uncertainty relation (15) does not represent any improvement with respect to the general 
inequality by Beckner [33], that is not sharp enough in this case. 

Finally, let us point out that in the asymptotic case I — >■ oo, the Shannon entropy of the 
{D = 3) - spherical harmonics 3^,m have the asymptotic behaviour 

W, m )=ln(27r 2 )-l + o(l), 

for any finite value of m, and 

S(y l , m ) = -Unl + 0(1), 



for m = I — a, with a G N fixed. Then, the asymptotic behaviour of the new bound (18) is 
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given by 



for finite values of m, and 



a m = 21n/ + 0(l) 



B itm = -lnZ + 0(l) 

when m = I — a, a G N. 

Then, the larger the value of I, the bigger is the new central bound, and the larger the 
improvement with respect to the general bound (fil). 

V. APPLICATIONS TO HYDROGENIC AND OSCILLATOR-LIKE POTEN- 
TIALS 



In this Section we will discuss the Shannon-entropy-based uncertainty relation (17) for 



the two main prototypes of central systems: the hydrogenic and oscillator-like systems. 



A. Hydrogenic systems 



In this case, Vjj(r) 
momentum space are 



- (atomic number = 1). The densities in the position and 



Pn,*,{ M }(r) = N n>l e n ( 



{2r\ 21 f T (2i+D-2\ /2r x 1 ~ 



T (2l+D-2) i 



\yi,{ij,}{®>D-i) 



and 



where 



7n,i,{M}( 



N, 



nl ' 



(vp) 



21 



1 _|_ r j2p2yi+D+l 



1 + rfp 2 



yi,{li}(^D- 



2\ 2 (n-Z-1)! 



77/ 2r/(n + / + £>- 3)! 



(n-i-1)! 



27r(n + / + D-3)! 



D - 1 



D-3 



7] = n + 

z 

and 4 a) (-) and C^ q) (-) are the Laguerre and Gegenbauer polynomials of degree k and pa- 
rameter a, respectively. The principal quantum number takes the values n = 0, 1, 2, . . ., and 

I = 0,1,. ..,71- 1. 
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FIG. 2: Ratio (19) (•) for several states (n,l,m) of the hydrogen atom. 



The Shannon entropies of these two densities have not yet been analytically calculated 
despite the enormous efforts done since a long time (see Ref. [29] for a recent review). So 
we have evaluated S[p] and S[j] numerically to obtain the entropy sum S[p] + S [7]. The 
ratio 

S[p] + %] 



-"n.l.m 



Bl 



(19) 



between the entropy sum and central bound (18), for D = 3, is represented in Figure 2 for 



several states. Naturally, in all the cases H nj ^ m > 1. Moreover, the ratio is lower (i.e. the 
bound is nearer to the exact value) for larger values of I, as expected from the analysis of 
Section [[V] 

B. Harmonic oscillator-like systems 



In this case, Vo(r) = |Ar 2 , A > 0. The densities in the position and momentum space 



are 



and 



Pn,Z,{ M }(r) 



2n!A /+ f 



r(n + z + f) 



r 2l e~ Xr 



\yi,{n}{&>D- 



1) > 



where n, I = 0, 1, 2, . . . 



Analogously to the previous Subsection, the Shannon entropies, S[p) and 5 [7], for these 
two densities are evaluated numerically to obtain the entropy sum S[p] + S[j]. The ratio 

S[ P ] + S[i\ 



B, 



1. m 



(20) 
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FIG. 3: Ratio (20) (•) for several states (n,l,m) of the harmonic oscillator. 



between the entropy sum and central bound (18), for D = 3 and A = 1, is represented 
in Figure [3] for several states. Like in the hydrogenic systems, in all the cases Q n ,i,m — !■ 
Moreover, the ratio is lower (i.e. the bound is nearer to the exact value) for larger values 
of I, as expected from the analysis of Section [TV] It is worth remarking that for this system 
the entropy sum of the ground state (n, I, m) = (0, 0, 0) is equal to 3(1 + ln(7r)) (i.e. exactly 
the bound for D = 3). However, as we can see in Figure |3j the ratio of this value with 
respect to _Bo,o is ^0,0,0 — 1-15, which is clearly greater than unity obtained with the general 
bound Q, as the ground state (0, 0, 0) of the harmonic oscillator saturates this latter bound. 
Thus, again we observe that the new bound improves the general bound ([I]) for all states 
(/, m) except when I = 0. 

VI. CONCLUSIONS AND OPEN PROBLEMS 

In this work the Shannon-entropy-based uncertainty relation ([T]) of the D-dimensional 
quantum systems has been improved for spherically symmetric potentials. We have obtained 
that the resulting lower bound does not depend on the specific form of the potential since it 
only depends on the hyperangular quantum numbers (/, {/i}). Moreover we have observed 
that this bound is indeed a strict improvement of the general bound ([!]) for all values of (/, m) 



except when / = m = 0. The latter is because the logarithmic uncertainty relation (15) does 
not represent for / = any improvement with respect to the general Beckner inequality 
(which is not sharp enough for s states). It would be nice to overcome this limitation in the 
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future. Moreover, we have studied and discussed the new "central" bound for various states 
and for some relevant spherically symmetric potentials of Coulomb and oscillator types. 

Finally let us point out an important open problem closely related to that resolved here; 
namely, to improve for central potentials the general Renyi-entropy-based uncertainty rela- 
tion of Bialynicki-Birula, Zozor and Vignat [35| 136]. 
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